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Probability Basics

. Conditional Probability

(AN B)
A|B P(B
(AIB) = =5 B(B) >0
. Total Probability Theorem
ZIP’ P(B|A;)
. Bayes Rules
P(A;)P(BJ|A;
(4,15) — PAP(BIA)

. Union Bound

. Independence
P(A|B) = P(A) <= A and B are independent

. Conditional Independence

P(AN B|C) =P(A|C)P(B|C) = A and B conditionally independent

. Independence of Several Events

’LGSA H]P

€S

. Counting Permutations of Size k in n Objects

7I,P —
P = k)



9. Counting Ways to Choose k Objects in n Objects

(1) =

10. Counting Ways To Partition n Objects into n! Groups

< n > n!
ny,Na... Nk nl'nz'nk'

2 Discrete Random variables

1. Bernoulli Random Variable

k) = 1 with probability p
0 with probability 1 — p

2. Binomial Random Variable

3. Geometric Random Variable

1
E(X)= -
(X) 5
1-p
var(X) =
(X) o
4. Poisson Random Variable
e~ ANE
P(X\=k)= i
E(X)=A
var(X) =\

5. Linearity of a Poisson RV

Poisson(\) + Poisson(u) ~ Poisson(\ + )



. Uniform Random Variable

1
P(X:k): m k:e[a,b]
0 otherwise

. Joint PMFs
Pxy(z,y) =Pr(X =2Y =y)

Px(z) = Z Py y(z,y) and vice versa
y

. Conditional PMFs

PxialX =al4) = S 04
Py, (oly) = PXE;,’;({;’)”

Expectation, Variance and Covariance
. Expectation

E(X) =) aP(X =)

. Law of The Unconscious Statistician

E(g(X)] = g(x)P(X =)
. Variance

var(X) = E[(X —E(X))?] >0

. Standard Deviation

g = y/var

. Linearity of Expectation
E(aX +bY) = aE(X) + bE(Y)

. Expectation of Joint Distribution

E(9(X,Y)) =YY g(x,y)Pxy(z,y)
Ty

. Variance of a Sum of Random Variables

var(X +Y) = var(X) +var(Y) + 2cov(X,Y)

. Conditional Expectation
E(X]Y =y) = Zz Pxy (z]y)



10.

11.

12.

13.

14.

15.

16.

. Total Expectation Theorem

E(X) = S Py (EX|Y = y)

Iterated Expectation
E(X) = E(E(X[Y))

Tower Property
EE[X[Y]g(Y)] = E[Xg(Y)]

Expectation of Independent Variables
E(XY) =E(X)E(Y) if X, Y independent
Covariance
cov(X,Y)=E(XY)-EX)E®Y)

Correlation Coefficient
cov(X,Y)

VVar(X)Var(Y)

lp] <1

p(X,Y) =

Variance of Two Independent Variables
Var[XY] = E[X?|E[Y?] — E[X]?E[Y]?
Law of Total Variance

var(X) = Var(E(X|Y)) + E(var(X|Y))

Continuous Random Variables

. Probability Density Functions

b
P(X € [a,}]) = / Fx(2)da

. Cumulative Ditribution Function

Fxa) = [ "

. Uniform Distribution

fx(e)= 1 a<z<b
E(X) = a—2|—b
var(X) = b I;)Q



. Exponential Distribution

1
1
var(X) = 2
. Gaussian Distribution )
X) = e~ (x=p)?/20°
IxX) = Joros

. Sum of Two Gaussian Variables
aN(p1,07) + bN (2, 03) ~ N(ap + bus, a’of + b*03)
. Joint PDFs

_ Ixy(@y)
fxpv(zly) = e @)

. Independence of Continuous Variables

fxy(z,y) = fu(2) fy (v)

Order Statistics

. Smallest RV in a set of RVs

Let Y = min X, ,iid with CDF Fx
1<k<n

Fy(y)=1-Q1-Fx(y)"

. Largest RV in a set of RVs

Let Y = max X} , iid with CDF Fx
1<k<n

Fy (y) = (Fx(y)"

Convolution

. Discrete Convolution

pz(2) =P(X +Y =2) =) P(X =2,Y =z—1)

= Z P, (2)Py(z — z) if X, Y independent

xT

. Continuous Convolution

0= [ Y @)y (z = a)da



10.

11.

12.

Moment Generating Function

. MGF for a RV
M,(s) = E[e*]
= /OO e’ fx (z)dx
. Derivative of an MGF
PU g = [a (@1ae = BIx]
. MGF of a Poisson RV
M(s) = eMet=1)
. MGF of a Exponential RV
M(s):)\is , 5 <A

. MGF of the Standard Normal Gaussian RV

M(s) = s /2
. Moments of Standard Normal RV
m 0 , m odd
E(X ) = 2—m/2 m!
m , I even
. MGF of a Geometric RV .
pe
M(s)= ——W—
() 1—(1—-p)es

. MGF of a Bernoulli RV

M(s)=1—p+pe’

. MGF of a Binomial RV

M(s) = (1 —p+pe*)"

bs__as
M(s) = {es(bea) s#0

MGF of a Uniform RV

1 s=0
MGF of a Sum of RVs
Let Z=Y X,
Mz(s) = [ [ Mx.(s)

MGF of a Y = a7 X, X is Gaussian Vector

1
My (s) = Mx(sa) = exp (s(a” ps) + 552aTZa)



Bounds

. Markov Inequality

. Chebyshev’s Inequality

. Chernoff Bound
E[e®”]
P(X >a) < o ,8>0
M
Px <a)< MBSy
esa

. Jensen Inequality
J(B(2)) < B[f()] , s convex, ["(z) >0

. Weak Law of Large Numbers

: 1 ¢
i P(]— ‘E_l Xi—E[X]|2€) =0
. Strong Law of Large Numbers
P( lim M,=u)=1

—o0

n

. Central Limit Theorem

Define Z = M
Vno

Fz(z) = ¢(2)

Convergences

. Almost Sure Convergence

P(lim X, =X)=1
n— 00

. Convergence in Probability

lE)n P(X,—X|>¢=0

. Convergence in Distribution

nli_I)Iloc Fx, (x) = Fx(z) Vz



10 Entropy

1. Entropy

H(X)=- Zpi In(p;)

2. Chain Rule of Entropy
HX)Y)=H(Y)+HX|Y)=H(X)+ HY|X)

3. Convergence of Joint Entropy

1
- log p(z1, x2...2p) LN H(X)

11 Information Theory

1. Source Coding Theorem
As n — o0, consider N iid RVs with entropy H(X). You can compress this into no more and
no less than NH(X) bits without sending over extra bits or losing information.
2. Channel Coding Theorem
# of message input bits

Define channel capacity as the 7 of bits transmittod
bility p — 0 has a rate R < capacity.

. Any sequence of codes with error proba-

3. Capacity of a BEC
C=1-p

4. Capacity of a BSC
C=1-H(p)

5. Asymptotic Equipartition (AEP) Theorem

AN = {(z1,22...2p) : p(x1, Tauo.wy) > 2_"(H(X)+E)}

p((x1, x2...2p) eAgn)) n—)_oo)l

|A£n)| < on(H(X)+e)
6. Average Number of Bits Transmitted
E[# bits] < n(H(X) +¢)
7. Mutual Information Pyy(2.1)
I(X;Y) = ZPXY(J% y)log W
8. Mutual Information and Entropy

I(X;Y)=H(X)+ H(Y) - H(X,Y)



10.

12

13

. Capacity of A Channel

C=maxI(X;Y)

Pax

Upper Bound on Probability of Error in BEC

P(error) = 2 "(1=p)+Ln)

where n = # bits of bits sent and L = # of bits in message

Discrete Time Markov Chains

. Markov Property

P(Xpi1|Xn.. X1) = P(Xny1|Xn)

. Chapman Komogorov Equations

P =[P"];

. Periodicity

d(i) = ged{n >1: P}} > 0}

. Stationary Distribution

TP =m

. Hitting Time

o= T 1

. Detailed Balance Equations

mi Py = miPyy, i,5€ 8
Stationary Distribution of an Undirected Graph
d(i)  degree(i)

"= aG) T ek

Poisson Processes

. Number of arrivals within ¢

e M)

P(N; = n) ~ Poisson(\t) = p

. Inter-arrival Time

Si ~ Exp(N)

. Sum of Inter-arrival Times: Erlang Distribution

)\67)‘5()\8)”71

an('S): (n—l)'



14

15

Memoryless Property
Nr, — Np,_, ~ Poisson(A(t; — ti—1))

. Poisson Merging

PP(A\1) + PP(A3) ~ PP(A1 + As)

. Poisson Splitting

Aa
)\a + )\b

P(min{Ta, Tb} = Ta) =

. Random Incidence Paradox

L ~ Erlang(2,k)

Continuous Time Markov Chains

. Temporal Homogeneity

P(Xpsr | Xp =i, X, =i,V 0<s<t)=P(X, =j|Xo=1i)

. Rate of Self-Transition

Qi i) ==Y Q(i,))

J#i

. Balance Equations

> mQi. ) =7 ) QU k)

oy ey
Uniformization (Simulated DTMC)
Let ¢ = sup ¢(i) , strongest self-loop

1
R=1+-Q
q

. Hitting Time

1 QU.J) a( s .
(i) = { @@ T2k g BU) i¢ A
0 ie A

Random Graph

. Probability of a Random Graph Being Given Graph

P(G = Gy) ~ Binomial( (Z) P)

. Distribution of Degree of Vertex in Random Graph

P(D = d) ~ Binomial(n — 1,p) oo, Poisson((n —1)p)

10



. Erdos Renyi Theorem
1
Let p(n) = A n(n)

P(G is connected) 270 A< 1

P(G is connected) MmNy , A>1

. Combining Graphs

Plee G=G1UGsle € G1Ue € G2) = py + ps — p1p2

Statistical Inference

. Bayes Rule Redux

v B Py|X(y|1’)7r(m)
BX =Y =4) = =5 )

. Maximum A-Posteriori Estimation (MAP)

MAP(X|Y =y) = argmax, Px|y (z|y) = argmax, Py |x (y|z)r ()

. Maximum Likelihood Estimation (MLE)

MLE(X|Y = y) = argmax, Py |x (y|x)

. Likelihood Ratio

Py x(y[1)
Ly) = I
W)= By yl0)
. MLE of a BSC
y if p<1/2
MLEX|Y =y) = {1 —y ifp> 1;2
1 ifLy)>1
MLEXY =y) = {0 it L(y) < 1
. MAP of a BSC

0 if L(y) <
MAP(X[Y =)= 40 LW

1 if L(y) = 3¢
. Likelihood Ratio for X € {0,1} with Gaussian Noise

Y 1
L(y) = = - —
(v) = exp [ — ]

11



8. MAP for X € {0, 1} with Gaussian Noise

0 if L(y) <
Map(xy =g =4 1

1 if L(y) = 22
9. MLE for X € {0,1} with Gaussian Noise

1 if L(y)

MLE(X|Y =y) = {0 £ L(y)

17 Binary Error Testing

1. Neyman-Pearson Lemma

Minimizes P(false negatives) with P(false positive) <
A 1 L(y) > A

X=40 L(y) < A

Bern(v) L{y) = A

Setting ]P’( =1X=0)=8

18 Estimations

1. Mean Square Error (MSE) R
E[(X - X(Y))?]

2. Minimum Mean-Squared Estimation (MMSE)
MMSE(X|Y) = argmin ¢ E[(X — X(Y))?] = E(X|Y)

3. MMSE Theorem
BI(X = g(V))f(Y)] =0¥f = g(¥) = MMSE

4. Linear Least Squares Estimation

LLIX|Y] = min E[X - XYV = min B[ X - (a+ ) bV

a,by .. a,by..

Let Y be a vector of all observations Y;

Define Z (X — ) (Y — py) 7]

Z = EI(Y — (Y — 11,)"]
Y
LLIX|Y) =+ 3030 1Y — )

XY Y
LLIX|Y] = “(‘;)/)w ~ 1)

12



19

. Linear Least Squared Error

LLSE =var(X)—» > 'Y

XY Y Y X
Hilbert Spaces
. Hilbert Projection Theorem
Yo € H,U C H, 3 min||u — v|| : u is unique
uclU

<u—v,u >=0Vu €U

. Hilbert Random Variable Theorem

< X,Y >=E[XY]

. LLSE in Hilbert Spaces

< LLIX|Y] — X,u>=E[(LLIX|Y] - X)u] =0 Y u

Orthogonality Principle

E(LL[X|Y]) = E[X]
E[(LLIXY] = X)Yi] =0
E[(LLIX|Y] - YT] = E[XYT]

. Magnitude

1XIl = V< X, X > = VE(X[]?)

. Zero-Mean Multiple RVs

Let X, Y, Z zero-mean
LIX|Y, Z] = LIX|Y] - LIX|Z — L[Z|Y]]
LIX|Y,Z]) = L[X|Y]— L[X|Z] if Y, Z uncorrelated

13



